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In this paper, by constructing resolving sets of symplectic dual polar graphs and symmetric
bilinear forms graphs, we obtain upper bounds on their metric dimension.
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1. Introduction
Suppose Γ denotes a connected graph. For any two vertices u and v of Γ , let d(u, v) denote the distance between u and
v in Γ . A resolving set of Γ is a set of vertices S = {v1, . . . , vk} such that, for each vertexw of Γ , the ordered list of distances
D(w|S) = (d(w, v1), . . . , d(w, vk)) uniquely determines w. That is, S is a resolving set of Γ if D(u|S) ≠ D(v|S) for any two
distinct vertices u and v of Γ . Themetric dimension of Γ is the smallest size of a resolving set of Γ .
Metric dimension was introduced independently by Harary and Melter [9], and Slater [11]. As a graph parameter it has
been heavily studied; see [1,4,5,10,12,17] for a number of references on this topic. Recently a considerable literature has
developed in distance-regular graphs. See [1] for Johnson graphs, [2] for Grassmann graphs, [7] for bilinear forms graphs, [8]
for Johnson graphs, doubled Odd graphs, doubled Grassmann graphs and twisted Grassmann graphs.
In this paper, we continue this research, and obtain upper bounds on the metric dimension of symplectic dual polar
graphs and symmetric bilinear forms graphs.
Let F2nq be the 2n-dimensional row vector space over the finite field Fq. The symplectic space associated with F
2n
q carries
the non-degenerate symplectic form
ω(x, y) = x

0 I(n)
−I(n) 0

yt ,
where I(n) is the identity matrix of order n. A subspace of F2nq is called isotropic whenever the form vanishes completely on
that subspace. It is well known that all the maximal isotropic subspaces have the same dimension n. For a given subspace
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W , the subspaceW⊥ = {v ∈ F2nq | ω(v,w) = 0 for all w ∈ W } has dimension 2n− dimW , which is called the symplectic
complement ofW . For more information, see [13,14].
The symplectic dual polar graph [Cn(q)] has as vertices all the maximal isotropic subspaces of F2nq , and two vertices are
adjacent if their intersection has dimension n−1. Two vertices have distance i if and only if their intersection has dimension
n − i. The graph [Cn(q)] is a distance-transitive graph; see [3]. Note that [C1(q)] is the complete graph with q + 1 vertices,
whose metric dimension is q. The symmetric bilinear forms graph Sym(n, q) has as vertices all n×n symmetric matrices over
Fq, and two vertices are adjacent if their difference has rank 1. The graph Sym(n, q) is not distance-regular for n > 3; see
also [3]. By Brouwer et al. [3, Proposition 9.5.10] Sym(n, q) is isomorphic to the last subconstituent of [Cn(q)]. This is the
reason why we consider these two families of graphs at the same time.
In this paper, we obtain the following results.
Theorem 1.1. Let [Cn(q)] be the symplectic dual polar graph, where n ≥ 2. Then the metric dimension of [Cn(q)] is at most
(qn + 1)(qn + q− 2)/(q− 1).
Theorem 1.2. Let Sym(n, q) be the symmetric bilinear forms graph, where q is odd and n ≥ 2. Then the metric dimension of
Sym(n, q) is at most qn(qn + q− 2)/(q− 1).
2. Proof of main results
We begin with a useful lemma.
Lemma 2.1 ([6]). Let F2nq be the 2n-dimensional symplectic space. Then there exist maximal isotropic subspaces Vi, i =
1, 2, . . . , qn + 1, of F2nq such that
F2nq = V1 ∪ V2 ∪ · · · ∪ Vqn+1, (1)
where Vi ∩ Vj = {0} for all i ≠ j.
Let Fq = {g1, g2, . . . , gq−1, gq = 0}. In order to prove Theorem 1.1, it suffices to construct a resolving setM with size at
most (qn + 1)(qn + q− 2)/(q− 1).
Proof of Theorem 1.1. Assume that (1) holds. For each i ∈ {1, 2, . . . , qn + 1}, let
Mi = {M ⊆ Vi | dimM = n− 1} = {Mi1,Mi2, . . . ,Mit}, (2)
where t = (qn − 1)/(q − 1). For each j ∈ {1, 2, . . . , t}, let Wij be the set of vertices W of [Cn(q)] such that Mij ⊆ W . By
Wan [14, Theorem 3.38], one gets |Wij| = q+ 1. For any i and j, pick a vertexWij ∈ Wij withWij ≠ Vi. Write
M =
qn+1
i=1
(qn−1)/(q−1)
j=1
{Vi,Wij}.
Observe that |M| ≤ (qn + 1)(qn + q− 2)/(q− 1).
Now we only need to show thatM is a resolving set. By definition, it suffices to show that, for any two distinct vertices
P and Q of [Cn(q)], there exists a vertexW ofM such that dim(P ∩W ) ≠ dim(Q ∩W ). For each i ∈ {1, 2, . . . , qn + 1}, let
Ai = P ∩ Vi and Bi = Q ∩ Vi. Since P ≠ Q , there exists an i such that Ai ≠ Bi.
Case 1. dim Ai ≠ dim Bi. ThenW = Vi is the desired vertex.
Case 2. dim Ai = dim Bi = r . Then 1 ≤ r < n. Pick a basis {α1, . . . , αr} for Ai. Since Ai ≠ Bi, there exists a β ∈ Bi \ Ai
such that {α1, . . . , αr , β} is linearly independent. Extend this to a basis {α1, . . . , αr , β, γ1, . . . , γn−r−1} for Vi. LetM be the
subspace spanned by {α1, . . . , αr , γ1, . . . , γn−r−1}. Then dim(P ∩M) = r and dim(Q ∩M) = r − 1.
SinceVi is a subspace ofM⊥, there exists aγ ∈ M⊥ such thatω(β, γ ) ≠ 0 and {α1, . . . , αr , β, γ1, . . . , γn−r−1, γ } is a basis
forM⊥. LetWk be the maximal isotropic subspace spanned by {α1, . . . , αr , γ1, . . . , γn−r−1, gkβ + γ }, where k ∈ {1, . . . , q}.
Then
Wij = {Vi,W1,W2, . . . ,Wq−1,Wq}.
For any vectorα =ri=1 kiαi+n−r−1j=1 ljγj+s(gkβ+γ ) ∈ Q∩Wk where ki, lj, s ∈ Fq, we have s·ω(β, γ ) = ω(β, α) = 0,
which implies that s = 0 and so α ∈ M . Hence Q ∩ Wk = Q ∩ M for each k. By the construction of M, there exists a
t ∈ {1, 2, . . . , q} such thatWt ∈M. Therefore,
dim(Q ∩Wt) = dim(Q ∩M) < dim(P ∩M) ≤ dim(P ∩Wt).
HenceW = Wt is the desired vertex. 
Remark 1. By using the existence of a symplectic spread of F2nq (Lemma 2.1), we can construct a resolving set of the
symplectic dual polar graph [Cn(q)]. It seems to be interesting to construct resolving sets of other dual polar graphs.
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A matrix representation of a subspace P of F2nq is an array whose rows form a basis for P . When there is no danger of
confusion, we use the same symbol to denote a subspace and its matrix representation. Let P0 be a fixed vertex of [Cn(q)].
By the transitivity of [Cn(q)], we may pick P0 = (0(n) I(n)) and V1 = P0 as in (1). Let ∆ be the last subconstituent of [Cn(q)]
with respective to P0. That is, ∆ is the subgraph induced on the set of vertices at distance n with P0. Then ∆ consists of all
subspaces (I(n) B), where B is an n × n symmetric matrix. By Wang et al. [16, Theorem 2.2] the map f : B → (I(n) B) is an
isomorphism from Sym(n, q) to∆. Suppose that q is odd. Then byWan [15, Proposition 5.5], two vertices of Sym(n, q) have
distance i if and only if their difference has rank i, which implies that two vertices of ∆ have distance i if and only if their
intersection has dimension n− i.
Proof of Theorem 1.2. It suffices to construct a resolving setM of∆with size at most qn(qn + q− 2)/(q− 1).
Assume that (1) holds. Pick V1 = P0. For each i ∈ {2, 3, . . . , qn + 1}, letMi as in (2). For eachMij ∈Mi, letWij be the set
of verticesW of∆ such thatMij ⊆ W .
We assert that |Wij| = q. In fact, pick a basis {α1, . . . , αn−1} for Mij, extend it to a basis {α1, . . . , αn−1, β} for Vi. Since
dim P0 = n and dimM⊥ij = n + 1, we have dim(M⊥ij ∩ P0) = 1. It follows that there exists a γ ∈ M⊥ij ∩ P0 such that
{α1, . . . , αn−1, β, γ } is a basis forM⊥ij . LetWk be themaximal isotropic subspace spanned by {α1, . . . , αn−1, gkβ+γ }, where
k ∈ {1, 2, . . . , q− 1}. By Vi ∩ P0 = {0}, we have β ∉ Mij + P0 and so gkβ + γ ∉ Mij + P0 for each k. HenceWk ∩ P0 = {0}
andWij = {Vi,W1,W2, . . . ,Wq−1}. Our assertion is valid.
For any i and j, pick a vertexWij ∈ Wij withWij ≠ Vi. Write
M =
qn+1
i=2
(qn−1)/(q−1)
j=1
{Vi,Wij}.
Then |M| ≤ qn(qn + q− 2)/(q− 1). The proof of Theorem 1.1 implies thatM is a resolving set. 
Remark 2. The bounds for |M| in Theorems 1.1 and 1.2 are likely to be over-estimated if n = 2. In fact, for Mij ∈ Mi and
Mi′j′ ∈ Mi′ with i ≠ i′, we have dim(Mij + Mi′j′) = 2. Then Wij = Wi′j′ = Mij + Mi′j′ is possible. The bounds for |M| in
Theorems 1.1 and 1.2 are tight if n ≥ 3.
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